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Abstract
We prove that the count of Maslov index 2 J-holomorphic discs pass-
ing through a generic point of a real Lagrangian submanifold in a closed
spherically monotone symplectic manifold must be even. As a corollary,
we exhibit a genuine real symplectic phenomenon in terms of involutions,
namely that the Chekanov torus TChek in S
2
ˆ S
2, which is a monotone
Lagrangian torus not Hamiltonian isotopic to the Clifford torus TClif , can
be seen as the fixed point set of a smooth involution, but not of an anti-
symplectic involution.
1 Introduction and main result
An even dimensional smooth manifoldM equipped with a closed non-degenerate
2-form ω is called a symplectic manifold. An important class of submanifolds
in a symplectic manifold pM,ωq are Lagrangian submanifolds, namely those of
middle dimension along which the symplectic form ω vanishes.
In symplectic topology, the study of Lagrangian submanifolds is a central
topic; in particular, monotone Lagrangians exhibit rigidity phenomena. A La-
grangian L in M is called monotone if there exists K ą 0 such that for all
β P π2pM,Lq we have µpβq “ K ¨ ωpβq, where µ : π2pM,Lq Ñ Z denotes the
Maslov class of L. The minimal Maslov number NL of a Lagrangian L is de-
fined as the non-negative integer NL satisfying µ
`
π2pM,Lq
˘
“ NL ¨Z. A typical
example of a monotone Lagrangian is an embedded loop in S2 dividing the
sphere into two discs of equal area. A symplectic manifold pM,ωq containing a
monotone Lagrangian is necessarily spherically monotone, namely there exists
C ą 0 such that for all α P π2pMq we have c1pMqrαs “ C ¨ ωpαq.
We are interested in a special class of Lagrangians, called real Lagrangians.
A smooth involution R on a symplectic manifold pM,ωq is called antisymplectic
if it satisfies R˚ω “ ´ω. Its fixed point set FixpRq “ tx P M | Rpxq “ xu is
a Lagrangian submanifold if it is nonempty. A real Lagrangian in a symplectic
manifold is a Lagrangian that is the fixed point set of an antisymplectic invo-
lution. Any real Lagrangian in a spherically monotone symplectic manifold is
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monotone. Historically, real Lagrangians first appeared in [18, Theorem C] in
the framework of the Arnold–Givental conjecture.
In this paper, we study the following question in real symplectic topology.
Question. Is there a monotone Lagrangian submanifold in a closed symplectic
manifold that is the fixed point set of a smooth involution, while not of an
antisymplectic involution?
If we drop the condition that the Lagrangian is monotone, then a favorite
example of symplectic topologists, namely, the sphere S2, immediately answers
the above question. Indeed, consider any embedded loop L as a Lagrangian in
S2 which divides the sphere into two discs of different areas. Since L is not
monotone, it is not real. Hence, L cannot be the fixed point set of an antisym-
plectic involution on S2, while L is the fixed point set of a smooth involution,
namely, the reflection interchanging the two discs. Taking the product with
itself, we find a (non-monotone) Lagrangian in S2 ˆ S2 that is the fixed point
set of a smooth involution and that cannot be real.
To answer the above question in the monotone case, we need a symplectic
invariant that can serve as an obstruction to L being real. For this purpose,
we employ the mod 2 count of Maslov index 2 J-holomorphic discs passing
through a generic point in a monotone LagrangianL, which is denoted by npLq P
Z2. This invariant was first used by Chekanov [7, Section 2] and Eliashberg–
Polterovich [11, Proposition 4.1.A] based on Gromov’s J-holomorphic discs [19].
This invariant is defined when the minimal Maslov number is at least 2, see
Section 2 for the precise definition. In Section 3, we show that the count of
such discs must be even when the Lagrangian is real, and hence we obtain the
following main result of this paper.
Main Theorem. Any real Lagrangian L with minimal Maslov number NL ě 2
in a closed spherically monotone symplectic manifold satisfies npLq “ 0.
As an immediate corollary, we obtain a symplectic obstruction for being a
real Lagrangian; if a monotone Lagrangian L satisfies npLq “ 1, then it is not
real.
To find an example answering the question above, consider S2ˆS2 equipped
with the symplectic form ω‘ω, where ω denotes a Euclidean area form on S2.
The Clifford torus TClif “ S
1 ˆ S1 in S2 ˆ S2 is the real Lagrangian torus
defined as the product of the equators in each S2-factor. The Chekanov torus
TChek in S
2ˆS2 is a monotone Lagrangian torus with minimal Maslov number
NTChek “ 2, which is not Hamiltonian isotopic but Lagrangian isotopic to the
Clifford torus TClif . There are several equivalent ways to define the Chekanov
torus TChek in S
2ˆS2 up to Hamiltonian isotopy, see [2], [15, Theorem 1.1], [5,
Section 3], [16, Section 4.2], and [12, Example 1.22]. We refer to [28, Theorem
1.1] for the discussion of these descriptions and [6, Section 3] for the original
construction of the Chekanov torus in R2n.
It is known that npTChekq “ 1, see [5, Lemmata 5.2 and 5.3]. Since TChek
is Lagrangian isotopic to the Clifford torus TClif , it is the fixed point set of a
2
smooth involution, see Lemma 4.1. As an application of the main theorem, it
follows that the answer to the above question is yes. This is shows a genuine
real symplectic phenomenon in terms of involutions.
Theorem A. The Chekanov torus TChek in S
2 ˆ S2 is the fixed point set of a
smooth involution but not of an antisymplectic involution.
This result gives rise to another question. Every (not necessarily real) La-
grangian torus in S2 ˆ S2 is Lagrangian isotopic to TClif , see [10, Theorem A].
Since the Clifford torus TClif is real, it is natural to ask if exotic monotone La-
grangian tori in S2 ˆ S2 are real. Here exotic means that it is not Hamiltonian
isotopic to TClif . Theorem A tells us that the first exotic Lagrangian torus,
namely, the Chekanov torus, is not real. It is now tempting to conjecture that
any real Lagrangian torus in S2 ˆ S2 is Hamiltonian isotopic to the Clifford
torus TClif . In an upcoming paper [22], we will prove that this conjecture is
true. We refer to [21, Proposition B] for information on the classification of real
Lagrangian submanifolds in S2 ˆ S2.
We briefly outline the proof of the main theorem. Suppose that L “ FixpRq
is a real Lagrangian. Any ω-compatible almost complex structure J on M
which is anti-R-invariant together with the antisymplectic involution R defines
an involution R0 on the moduli space of Maslov index 2 J-holomorphic discs
with boundary on L. In Section 3.2, we show that the involution R0 has no
fixed points, which implies that the count of the discs must be even. The count
has to be done for an anti-R-invariant J which is regular to guarantee that the
moduli space is transversely cut out. This is not obvious, but since R0 has no
fixed points, we achieve equivariant transversality in Section 3.3, following ideas
of Khovanov–Seidel [20, Section 5c]. See also [29, Section 14c].
Recently, Brendel [4] found a different symplectic obstruction for being a
real Lagrangian in almost toric symplectic manifolds, using the so-called versal
deformations developed in [6]. This invariant is less technical and easily com-
putable. Nevertheless, the symplectic obstruction in terms of J-holomorphic
discs is still interesting in its own right due to its relation with open Gromov–
Witten invariants, and it is applicable to a wider class of symplectic manifolds.
Organization of the paper
In Section 2, we define the mod 2 count of Maslov index 2 J-holomorphic discs,
as our main tool. In Section 3, we establish results that will be needed to prove
the main theorem. In Section 4, we prove the main theorem and Theorem A.
Finally, we provide an appendix in Section 5, containing some properties of
J-holomorphic discs that are mainly used to prove Lemma 3.8.
3
2 Mod 2 count of Maslov index 2 J-holomorphic
discs
We give a quick review on the mod 2 count of Maslov index 2 J-holomorphic
discs passing through a generic point in a Lagrangian L. For more details we
refer to [7, Section 2] and also to the more recent expositions [3, Section 3.1]
and [30, Section 6.1].
Let pM,ωq be a closed spherically monotone symplectic manifold and let L
be a monotone Lagrangian in M with minimal Maslov number NL “ 2. We
abbreviate by J the space of ω-compatible almost complex structures on M
endowed with the C8-topology. Fix J P J . We let
xMpL, Jq “  u : pD2, BD2q Ñ pM,Lq | B¯Jpuq “ 0, µpuq “ 2(
be the space of Maslov index 2 J-holomorphic discs with boundary on L. Here
B¯Jpuq “
1
2
pdu ` J ˝ du ˝ iq denotes the complex antilinear part of du. We
abbreviate by
M1pL, Jq “ xMpL, JqLAutpD2, 1q
themoduli space of Maslov index 2 J-holomorphic discs with boundary on L with
one boundary marked point, where AutpD2, 1q is the group of biholomorphisms
of the closed unit disc D2 Ă C (smooth up to the boundary) fixing 1 P BD2.
A J-holomorphic disc u : pD2, BD2q Ñ pM,Lq is called simple if the set of
injective points of u
Injpuq :“
 
z P D2 | dupzq ‰ 0, u´1pupzqq “ tzu
(
is dense in D2. This set is always open, see for instance [32, Proposition 2.2].
A result of Lazzarini [24, Theorem A] implies that if the homotopy class of a
J-holomorphic disc u : pD2, BD2q Ñ pM,Lq in π2pM,Lq is indecomposable (by
means of simple J-holomorphic discs), then u is simple. See also [17, Lemma
6] where the same argument is used. Since NL ą 0 it follows that every J-
holomorphic disc u with µpuq “ NL is simple.
The classical transversality theorem [25, Section 3.2] asserts that for generic
J P J the moduli spaceM1pL, Jq is a smooth manifold of dimension n. Indeed,
such a J is regular, see Section 3.3 for the definition. Since every u P xMpL, Jq
satisfies µpuq “ 2 which is the smallest possible positive Maslov index and since
L is monotone, no bubbling of discs or spheres can occur a priori. By Gromov’s
compactness theorem [14], M1pL, Jq is a compact smooth manifold without
boundary.
For regular J P J the mod 2 Brouwer degree of the evaluation map
ev :M1pL, Jq Ñ L, evrus “ up1q
is called the mod 2 count of Maslov index 2 J-holomorphic discs passing through
a generic point in L, and is denoted by
npL, Jq :“ deg2pevq P Z2.
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By a standard cobordism argument as in [7, Section 2.2] or [25, Theorem 6.6.1],
the value npL, Jq P Z2 is independent of the choice of regular J . In the sequel
we suppress J in the notation. Note that npLq P Z2 is given by the mod 2
cardinality of the finite set ev´1pxq for any regular value x P L of ev, see [27, p.
24]. By convention, if M1pL, Jq is empty (for example, when NL ě 3) we set
npLq “ 0.
Remark 2.1. It is worth noting that this invariant can be enumerative, i.e., npLq
takes values in Z, if the Lagrangian L is oriented and spin. A spin structure
determines an orientation ofM1pL, Jq and hence we can use the integer degree
of the evaluation map. See [8, Section 5] and [30, Section 5.5]. Moreover,
npLq is invariant under symplectomorphisms of L, i.e., npLq “ npφpLqq for any
symplectomorphism φ, although this fact is not used in the paper.
3 Symmetric count for real Lagrangians
We exhibit that the count happens symmetrically when the Lagrangian is real.
With the notation from Section 2, we assume that the Lagrangian L is real.
Hence, we write L “ FixpRq for some antisymplectic involution R on M .
3.1 Involution on moduli spaces
Fix J P J which is anti-R-invariant, i.e., J “ ´R˚J . We write JR for the
space of anti-R-invariant ω-compatible almost complex structures on M . Note
that JR is nonempty and contractible, see [31, Proposition 1.1]. For a technical
reason, we deal with the moduli space of Maslov index 2 J-holomorphic discs
with boundary on L,
M0pL, Jq “ xMpL, JqLAutpD2q,
where AutpD2q is the group of biholomorphisms of the unit disc D2 Ă C. Since
J P JR, we can consider the involution
pR : xMpL, Jq Ñ xMpL, Jq, u ÞÑ R ˝ u ˝ ρ, (3.1)
where ρ : D2 Ñ D2 denotes complex conjugation on D2 Ă C.
Lemma 3.1. The involution Rj on MjpL, Jq defined by
Rjrus :“
“ pRpuq‰ “ rR ˝ u ˝ ρs
is well-defined for j “ 0, 1.
Proof. We prove this only for R1 as the case of R0 follows easily. Recall that
every σ P AutpD2, 1q is of the form
σpzq “ eiϑ
z ´ z0
1´ z¯0z
,
5
for some ϑ P R and |z0| ă 1 satisfying e
iϑ 1´z0
1´z¯0
“ 1, see [25, Exercise 4.2.5]. The
map σ˜pzq “ e´iϑ z´z¯0
1´z0z
P AutpD2, 1q satisfies σ ˝ ρ “ ρ ˝ σ˜. It follows that
R1ru ˝ σs “ rR ˝ u ˝ σ ˝ ρs “ rR ˝ u ˝ ρ ˝ σ˜s “ R1rus.
This shows that R1 is well-defined.
3.2 No fixed point of the involutions R0 and R1
We start with observing that for u P xMpL, Jq,
R0rus “ rus ðñ R ˝ u ˝ ρ ˝ σ “ u for some σ P AutpD
2q.
This section is devoted to prove the following.
Theorem 3.2. Let J P JR. For any u P xMpL, Jq there exists no σ P AutpD2q
such that
R ˝ u ˝ ρ ˝ σ “ u.
In particular, the fixed point set of Rj is empty for j “ 0, 1.
Remark 3.3. While the fact that FixpR1q “ H will be used to show that the
count of discs is even, the fact that FixpR0q “ H is needed to prove equivariant
transversality.
The idea of the proof is the following. If u satisfies R ˝ u ˝ ρ ˝ σ “ u
for some σ P AutpD2q, then we can decompose rus into two J-holomorphic
discs ru1s and ru2s in π2pM,Lq with µrujs ě 2. This is impossible since then
µrus “ µru1s ` µru2s ě 4.
We first need the following lemma.
Lemma 3.4. Let u : pD2, BD2q Ñ pM,Lq be a simple J-holomorphic disc. Sup-
pose that there exists σ P AutpD2q such that
R ˝ u ˝ ρ ˝ σ “ u.
Then ρ˜ :“ ρ ˝ σ is an involution on D2 and Fixpρ˜q is a simple smooth arc with
ends in BD2.
Proof. Suppose that there exists σ P AutpD2q such that
R ˝ u ˝ ρ ˝ σ “ u. (3.2)
The diffeomorphism ρ˜ “ ρ ˝ σ : D2 Ñ D2 is antiholomorphic. Applying (3.2)
twice we obtain
u ˝ ρ˜2 “ u. (3.3)
For a given z P D2 choose a sequence of zν P Injpuq converging to z. From (3.3)
we have ρ˜2pzνq “ zν for all ν P N, and hence ρ˜
2pzq “ z. This proves that ρ˜
is an involution on D2. Since ρ˜ is an involution which is orientation-reversing,
Fixpρ˜q is a simple smooth arc with ends in BD2. See, for example, [9, Theorem
3.3].
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The energy of a smooth disc u : pD2, BD2q Ñ pM,Lq is defined by
Epuq “
1
2
ż
D2
|du|2 dvol,
where dvol denotes the standard volume form on D2 and the norm | ¨ | on M is
induced by the metric gJ “ ωp¨, J ¨q. If u is J-holomorphic, then
Epuq “ ωpuq :“
ż
D2
u˚ω.
We observe that Epuq ą 0 if and only if there exists z P D2 such that upzq P
MzL.
The next step is to show the following.
Lemma 3.5. Let u : pD2, BD2q Ñ pM,Lq be a simple J-holomorphic disc with
positive energy Epuq ą 0. Suppose that there exists σ P AutpD2q such that
R ˝ u ˝ ρ ˝ σ “ u. (3.4)
Then there exist J-holomorphic discs uj : pD
2, BD2q Ñ pM,Lq with Epujq ą 0
for j “ 1, 2, such that rus “ ru1s ` ru2s P π2pM,Lq and Epu1q “ Epu2q.
Proof. We again write ρ˜ “ ρ˝σ. By Lemma 3.4, the map ρ˜ is an involution and
Fixpρ˜q divides D2 into two closed discs D1 and D2 with the following properties:
(i) D2 “ D1 YD2,
(ii) Fixpρ˜q “ D1 XD2,
(iii) ρ˜pD1q “ D2.
See the right drawing in Figure 1. The third property follows from the fact
that ρ˜ is orientation-reversing. We shall construct two J-holomorphic discs
uj : pD
2, BD2q Ñ pM,Lq for j “ 1, 2 with Epujq ą 0, which are extracted from
the regions D1 and D2.
Choose a biholomorphism φ1 from intpD
2q to intpD1q that extends to a
continuous map from D2 to D1, see for example [23, Proposition 5.3]. By (3.4),
we observe that upzq P L for all z P Fixpρ˜q. Consider the continuous map
u1 :“ u ˝ φ1 : pD
2, BD2q Ñ pM,Lq,
which is smooth and J-holomorphic on intpD2q. Since u has a finite energy,
so does u1. By removable singularities on the boundary [23, Theorem B.1],
u1 extends to a smooth map on D
2 (still denoted by u1) and hence is a J-
holomorphic disc with boundary on L. Similarly, using the biholomorphism
φ2 :“ ρ˜ ˝ φ1 ˝ ρ˜ from intpD
2q to intpD2q, we obtain the J-holomorphic disc
corresponding to D2,
u2 : pD
2, BD2q Ñ pM,Lq
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such that u2 “ u ˝ φ2 on intpD
2q. See Figure 1. By construction, we obtain
rus “ ru1s ` ru2s P π2pM,Lq and Epuq “ Epu1q ` Epu2q. It remains to show
that Epu1q “ Epu2q. Since Epujq “
ż
D2
u˚j ω ă 8 and
ż
D2
u˚j ω “
ż
intpD2q
u˚j ω
for j “ 1, 2, it suffices to show thatż
intpD2q
u˚1ω “
ż
intpD2q
u˚2ω.
To see this, using (3.4) we observe that on intpD2q,
R ˝ u1 ˝ ρ˜ “ R ˝ u ˝ φ1 ˝ ρ˜ “ u ˝ ρ˜ ˝ φ1 ˝ ρ˜ “ u2.
Therefore, we verify thatż
intpD2q
u˚2ω “
ż
intpD2q
pR ˝ u1 ˝ ρ˜q
˚ω
“
ż
intpD2q
ρ˜˚u˚1R
˚ω
“ ´
ż
intpD2q
ρ˜˚u˚1ω
“
ż
intpD2q
u˚1ω.
The last equality follows from the fact that ρ˜ is an orientation-reversing diffeo-
morphism. This proves that Epu1q “ Epu2q and completes the proof.
D2
D2
φ1
φ2
D1
D2
Fixpρ˜q
Figure 1: The description of the maps φj : D
2 Ñ Dj .
Remark 3.6. In Lemmata 3.4 and 3.5, we do not require that L is monotone.
We are ready to prove Theorem 3.2.
Proof of Theorem 3.2. Suppose to the contrary that R ˝ u ˝ ρ ˝ σ “ u for some
σ P AutpD2q. Since µpuq “ 2, the disc u is simple. By Lemma 3.5, there
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exists J-holomorphic discs u1 and u2 with Epujq ą 0 for j “ 1, 2, such that
rus “ ru1s ` ru2s P π2pM,Lq and Epu1q “ Epu2q. By the monotonicity of L, we
have µru1s “ µru2s ě 2. Hence, we obtain
µrus “ µru1s ` µru2s ě 4,
which contradicts to the assumption that µrus “ 2.
3.3 Equivariant transversality
Since the involution R0 has no fixed point by Theorem 3.2, we achieve transver-
sality by a local perturbation of an almost complex structure J in JR.
We explain relevant notations that will be used in this section. Fix p ą 2.
For J P J and u : pD2, BD2q Ñ pM,Lq with B¯Jpuq “ 0, let
Du : W
1,ppu˚TM, u|˚BD2TLq Ñ L
ppu˚TMq
be the Cauchy–Riemann type operator given by the linearization of the holo-
morphic curve equation B¯Jpuq “ 0, where W
1,ppu˚TM, u|˚BD2TLq denotes the
Banach space of W 1,p-sections of u˚TM with Lagrangian boundary condition
u|˚BD2TL and L
ppu˚TMq denotes the Banach space of Lp-sections of u˚TM . By
the Riemann–Roch theorem [26, Theorem C.1.10], the operator Du is Fredholm
and its index is given by
indpDuq “ n` µpuq,
where µpuq is the Maslov index of the disc u. See [25, Theorem C.3.6] for the
index computation. The virtual dimension of the moduli spaceM1pL, Jq at rus
is given by
vir-dimrusM1pL, Jq “ n` µrus ´ 2 “ n.
We say that J P J is regular if the operatorDu is surjective for all u P xMpL, Jq.
If J is regular, then by the implicit function theorem M1pL, Jq is a smooth
manifold and the (local) virtual dimension of M1pL, Jq is the dimension of
M1pL, Jq. In the sprit of equivariantly regular points introduced in [13, Section
4] and [20, Section 5c], we denote by
InjRpuq “
 
z P Injpuq | upzq R RpupD2qq
(
“
 
z P D2 | dupzq ‰ 0, u´1pupzqq “ tzu, upzq R RpupD2qq
(
the set of R-injective points of u.
Fix J P JR. Recall that pRpuq “ R ˝ u ˝ ρ is defined in (3.1). We begin with
the following basic fact.
Lemma 3.7. A J-holomorphic disc u is simple if and only if pRpuq is simple.
Proof. This follows from the fact that R and ρ are diffeomorphisms.
The following lemma is the crucial ingredient to prove equivariant transver-
sality. This is the analogue of [20, Lemma 5.12].
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Lemma 3.8. Let u P xMpL, Jq. Then InjRpuq is open and dense in D2.
Proof. We first observe that
InjRpuq “ Injpuq X S
`
u, pRpuq˘,
where S
`
u, pRpuq˘ “  z P D2 | upzq R RpupD2qq( is the open set defined in (5.1).
Hence, InjRpuq is open. It remains to prove that InjRpuq is dense in D
2. To
show this, it suffices to show that S
`
u, pRpuq˘ is dense. Note that ρpD2q “ D2
and ρpBD2q “ BD2. By Theorem 3.2, we know R0rus ‰ rus in M0pL, Jq,
equivalently,
R ˝ u ˝ ρ ˝ σ ‰ u for any σ P AutpD2q.
Since u is simple, so is pRpuq by Lemma 3.7. By Proposition 5.2, we have
upD2q ‰ RpupD2qq or upBD2q ‰ RpupBD2qq. Since upBD2q Ă L “ FixpRq, we
obtain
RpupBD2qq “ upBD2q
and therefore upD2q ‰ RpupD2qq. It now follows from Proposition 5.4 that
S
`
u, pRpuq˘ is dense.
We now prove the equivariant transversality following arguments in [20,
Proposition 5.13].
Theorem 3.9. There exists a Baire subset J regR Ă JR which has the property
that every J P J regR is regular.
Proof. Fix a positive integer ℓ. We abbreviate by
J ℓR “ tJ P JR | J is of class C
ℓu.
Its tangent space TJJ
ℓ
R at J consists of C
ℓ-sections Y : M Ñ EndpTMq satis-
fying
(i) Y “ Y ˚ “ JY J , where Y ˚ denotes the adjoint operator with respect to
the metric gJ “ ωp¨, J ¨q,
(ii) R˚Y “ ´Y .
For u P xMpL, Jq and J P J ℓR we consider the operator (given by the linearization
of the holomorphic curve equation B¯Jpuq “ 0 regarding pu, Jq as variables)
rDu,J : W 1,ppu˚TM, u|˚BD2TLq ‘ TJJ ℓR Ñ Lppu˚TMq
pξ, Y q ÞÑ Duξ ` Y puqBtu.
Since ImpDuq Ă ImprDu,J q and Du has finite dimensional cokernel, so does the
operator rDu,J . Hence, rDu has closed image. To show that rDu,J is surjective,
it therefore suffices to prove that the image of rDu,J is dense. Assume to the
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contrary that there exists a nonzero Z P Lqpu˚TMq, with 1{p` 1{q “ 1, which
satisfiesż
D2
ωpDuξ, JpuqZqdvol “ 0, for all ξ PW
1,ppu˚TM, u|˚BD2TLq,ż
D2
ωpY puqBtu, JpuqZqdvol “ 0, for all Y P TJJ
ℓ
R. (3.5)
The first equation implies that Z is of class W 1,q and D˚uZ “ 0, where D
˚
u de-
notes the formal adjoint operator of Du. By elliptic regularity, Z is of class C
ℓ.
Claim. Zpzq “ 0 for all z P InjRpuq.
Assume, by contradiction, that Zpz0q ‰ 0 for some z0 P InjRpuq. By linear
algebra (see [25, Lemma 3.2.2]), we can choose Yz0 P EndpTz0Mq such that
Yz0 “ Y
˚
z0
“ Jpupz0qqYz0Jpupz0qq and Yz0Btupz0q “ Zpz0q. Take any section
Y P TJJ
ℓ such that Y pupz0qq “ Yz0 . Choose a neighborhood V Ă D
2 of z0 such
that ωpY puqBtu, JpuqZq ą 0 on V . Since upD
2zV q and RpupD2qq are compact
and upz0q R upD
2zV q Y RpupD2qq (this follows as z0 P InjRpuq), there exists a
neighborhood U ĂM of upz0q such that
upD2zV q X U “ H “ RpupD2qq X U.
Using a bump function supported in U , we construct a nonequivariant Y P TJJ
ℓ
such that ωpY puqBtu, JpuqZq ą 0 on a small neighborhood V
1 Ă V of z0 and
vanishes outside this neighborhood, yielding that the integral (3.5) with this
Y is strictly positive. One directly checks that R˚Y :“ R˚Y R˚ P TJJ
ℓ. We
consider the averaged tangent vector Y˜ “ Y ´ R˚Y P TJJ
ℓ
R, which is now
equivariant, i.e., R˚Y˜ “ ´Y˜ . We claim that the integral (3.5) with Y˜ is still
strictly positive, which completes the above claim. To see this, it suffices to
show that the integral (3.5) with R˚Y vanishes. Since RpupD2qq X U “ H, the
vector R˚Y vanishes on D2. This implies that R˚Y puqBtupzq “ 0 for all z P D
2,
which proves the subclaim. Hence, this proves the claim that Zpzq “ 0 for all
z P InjRpuq.
Since InjRpuq is dense inD
2, we deduce that Z ” 0 so that the operator rDu is
surjective. The remaining proof is fairly standard, i.e., applying the parametric
transversality theorem and Taubes’ trick, see [25, Section 3.2].
4 Proofs of the main theorem and Theorem A
We are in position to prove the main theorem.
Proof of Main Theorem. By Theorem 3.9, we can choose J P J regR . Since the
involution R1 has no fixed point by Theorem 3.2, the restriction R1|ev´1pxq to
ev´1p0q has no fixed point either. In other words, the elements in ev´1pxq must
come in pairs. This proves the theorem.
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As we mentioned in the introduction, we show the following simple topolog-
ical result.
Lemma 4.1. Any Lagrangian torus in S2 ˆ S2 is given by the fixed point set
of a smooth involution.
Proof. Let L be a Lagrangian torus in S2 ˆ S2. By [10, Theorem 1.1], L is La-
grangian isotopic to TClif , namely there is an isotopy of Lagrangian embeddings
from L to TClif . By the smooth isotopy extension theorem, we choose an ambi-
ent isotopy φt, t P r0, 1s of S
2 ˆ S2 from L to TClif , i.e., φt are diffeomorphisms
for all t P r0, 1s, φ0 “ idS2ˆS2 and φ1pLq “ TClif . We write RClif for the obvious
antisymplectic involution on S2ˆS2 with fixed point set TClif “ FixpRClifq. For
simplicity, we let φ :“ φ1. Consider the smooth involution on S
2 ˆ S2 given by
RL :“ φ
´1 ˝RClif ˝ φ.
We claim that FixpRLq “ L. This follows from the observation that
x P FixpRLq ðñ RClif
`
φpxq
˘
“ φpxq
ðñ φpxq P TClif
ðñ x P φ´1pTClifq “ L.
This completes the proof of the lemma.
Proof of Theorem A. Results of Chekanov–Schlenk [5, Lemmata 5.2 and 5.3] say
that for any x P TChek the number of elements in ev
´1pxq ĂM1pTChek, J0q is
five and they are regular with respect to the standard almost complex structure
J0. Thus we have npTChekq “ 1 P Z2. By the main theorem, the Chekanov
torus TChek in S
2 ˆ S2 is not real. On the other hand, it follows from Lemma
4.1 that TChek is the fixed point set of a smooth involution.
5 Appendix: some properties of J-holomorphic
discs
Throughout this appendix, we assume the following setup. Let pM,ωq be a
symplectic manifold and let L be a Lagrangian in M . Fix J P J . We consider
two J-holomorphic discs uj : pD
2, BD2q Ñ pM,Lq for j “ 1, 2.
The following lemma is a typical application of the (relative) Carleman sim-
ilarity principle. See [32, Proposition 2.1] or [23, Theorem 3.5].
Lemma 5.1. Let u : U Ñ M be a nonconstant J-holomorphic disc defined on
a connected open set U Ă D2. Then the following sets are finite:
• The set of critical points critpuq :“ tz P U | dupzq “ 0u of u,
• the preimage u´1pxq for each x PM .
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The following proposition is proved in [24, Theorem 4.13]. See also [25,
Corollary 2.5.4] for the case of J-holomorphic spheres.
Proposition 5.2. Suppose that u1 and u2 are simple. Then u1pD
2q “ u2pD
2q
and u1pBD
2q “ u2pBD
2q if and only if there exists σ P AutpD2q such that
u1 “ u2 ˝ σ.
The following proposition can be regarded as the global version of the (rela-
tive) Carleman similarity principle. For the reader’s convenience, we reproduce
[1, Proposition 5.1.3] here.
Proposition 5.3. Suppose that u1pD
2q ‰ u2pD
2q. If there exist sequences
z1ν , z
2
ν P D
2 such that
• zjν Ñ z
j
0 P D
2 for j “ 1, 2,
• zjν ‰ z
j
0 for all ν P N and j “ 1, 2,
• u1pz
1
νq “ u2pz
2
νq for all ν P N (and hence u1pz
1
0q “ u2pz
2
0q),
that is, u1pz
1
0q “ u2pz
2
0q is a limit point of intersections u1pD
2q X u2pD
2q, then
z
j
0 P critpujq for j “ 1, 2.
Motivated by the notation in [20, Lemma 5.12], we abbreviate by
Spu1, u2q :“ tz P D
2 | u1pzq R u2pD
2qu “
`
u´11 pu2pD
2qq
˘c
. (5.1)
It is clear that Spu1, u2q is open. For the following, see also [25, Proposition
2.4.4] in the case of spheres.
Proposition 5.4. Suppose that u1 and u2 are simple and u1pD
2q ‰ u2pD
2q.
Then Spu1, u2q is open and dense in D
2.
Proof. It suffices to show that Spu1, u2q is dense. Arguing by contradiction we
assume that Spu1, u2q is not dense. Then there exists an open set U in D
2
such that U X Spu1, u2q “ H. Since critpu1q is finite, we can pick a point
z0 P Uz critpu1q. Choose a sequence zν P Uztz0u that converges to z0. Since we
know
u1pUq Ă u2pD
2q
and hence u1pzνq P u2pD
2q, we can choose a sequence wν P D
2 such that
u1pzνq “ u2pwνq for all ν P N (5.2)
and wν Ñ w0 P D
2. By a limit argument, we obtain u1pz0q “ u2pw0q. Recall
that z0 is not a critical point of u1. By Proposition 5.3, we must have that
wν “ w0 for all large ν " 1. (Otherwise, z0 P critpu1q.) From (5.2), we see that
zν P u
´1
1 pu2pw0qq
for all large ν " 1. Hence, the set u´11 pu2pw0qq consists of infinitely many points,
which contradicts Lemma 5.1. This completes the proof.
13
Acknowledgement
The author cordially thanks Joe´ Brendel, Hakho Choi, Urs Frauenfelder, Grigory
Mikhalkin, and Felix Schlenk for fruitful discussions and suggestions. This paper
has grown up when the author stayed at the Institut de Mathe´matiques at
Neuchaˆtel in February 2019. The author is grateful for its warm hospitality.
This work is supported by Samsung Science and Technology Foundation under
Project Number SSTF-BA1901-01.
References
[1] C. Abbas and H. Hofer. Holomorphic curves and global questions in contact
geometry. Birkha¨user Advanced Texts: Basler Lehrbu¨cher. [Birkha¨user
Advanced Texts: Basel Textbooks]. Birkha¨user/Springer, Cham, 2019.
[2] P. Albers and U. Frauenfelder. A nondisplaceable Lagrangian torus in
T ˚S2. Comm. Pure Appl. Math., 61(8):1046–1051, 2008.
[3] D. Auroux. Infinitely many monotone Lagrangian tori in R6. Invent. Math.,
201(3):909–924, 2015.
[4] J. Brendel. Real torus fibers and versal deformations. preprint, 2019.
[5] Y. Chekanov and F. Schlenk. Notes on monotone Lagrangian twist tori.
Electron. Res. Announc. Math. Sci., 17:104–121, 2010.
[6] Y. V. Chekanov. Lagrangian tori in a symplectic vector space and global
symplectomorphisms. Math. Z., 223(4):547–559, 1996.
[7] Y. V. Chekanov. Lagrangian embeddings and Lagrangian cobordism. In
Topics in singularity theory, volume 180 of Amer. Math. Soc. Transl. Ser.
2, pages 13–23. Amer. Math. Soc., Providence, RI, 1997.
[8] C.-H. Cho. Holomorphic discs, spin structures, and Floer cohomology of
the Clifford torus. Int. Math. Res. Not., (35):1803–1843, 2004.
[9] A. Constantin and B. Kolev. The theorem of Kere´kja´rto´ on periodic homeo-
morphisms of the disc and the sphere. Enseign. Math. (2), 40(3-4):193–204,
1994.
[10] G. Dimitroglou Rizell, E. Goodman, and A. Ivrii. Lagrangian isotopy of
tori in S2 ˆ S2 and CP 2. Geom. Funct. Anal., 26(5):1297–1358, 2016.
[11] Y. Eliashberg and L. Polterovich. The problem of Lagrangian knots in
four-manifolds. In Geometric topology (Athens, GA, 1993), volume 2 of
AMS/IP Stud. Adv. Math., pages 313–327. Amer. Math. Soc., Providence,
RI, 1997.
[12] M. Entov and L. Polterovich. Rigid subsets of symplectic manifolds. Com-
pos. Math., 145(3):773–826, 2009.
14
[13] A. Floer, H. Hofer, and D. Salamon. Transversality in elliptic Morse theory
for the symplectic action. Duke Math. J., 80(1):251–292, 1995.
[14] U. Frauenfelder. Gromov convergence of pseudoholomorphic disks. J. Fixed
Point Theory Appl., 3(2):215–271, 2008.
[15] K. Fukaya, Y.-G. Oh, H. Ohta, and K. Ono. Toric degeneration and
nondisplaceable Lagrangian tori in S2 ˆ S2. Int. Math. Res. Not. IMRN,
(13):2942–2993, 2012.
[16] A. Gadbled. On exotic monotone Lagrangian tori in CP2 and S2 ˆ S2. J.
Symplectic Geom., 11(3):343–361, 2013.
[17] H. Geiges and K. Zehmisch. Reeb dynamics detects odd balls. Ann. Sc.
Norm. Super. Pisa Cl. Sci. (5), 15:663–681, 2016.
[18] A. B. Givental. Periodic mappings in symplectic topology. Funktsional.
Anal. i Prilozhen., 23(4):37–52, 96, 1989.
[19] M. Gromov. Pseudo holomorphic curves in symplectic manifolds. Invent.
Math., 82(2):307–347, 1985.
[20] M. Khovanov and P. Seidel. Quivers, Floer cohomology, and braid group
actions. J. Amer. Math. Soc., 15(1):203–271, 2002.
[21] J. Kim. Uniqueness of real Lagrangians up to cobordism. arXiv:1902.01302.
[22] J. Kim. Unknottedness of real Lagrangian tori in S2 ˆ S2. in preparation.
[23] L. Lazzarini. Existence of a somewhere injective pseudo-holomorphic disc.
Geom. Funct. Anal., 10(4):829–862, 2000.
[24] L. Lazzarini. Relative frames on J-holomorphic curves. J. Fixed Point
Theory Appl., 9(2):213–256, 2011.
[25] D. McDuff and D. Salamon. J-holomorphic curves and symplectic topol-
ogy, volume 52 of American Mathematical Society Colloquium Publications.
American Mathematical Society, Providence, RI, second edition, 2012.
[26] D. McDuff and D. Salamon. Introduction to symplectic topology. Oxford
Graduate Texts in Mathematics. Oxford University Press, Oxford, third
edition, 2017.
[27] J. W. Milnor. Topology from the differentiable viewpoint. Princeton Land-
marks in Mathematics. Princeton University Press, Princeton, NJ, 1997.
Based on notes by David W. Weaver, Revised reprint of the 1965 original.
[28] J. Oakley and M. Usher. On certain Lagrangian submanifolds of S2 ˆ S2
and CPn. Algebr. Geom. Topol., 16(1):149–209, 2016.
15
[29] P. Seidel. Fukaya categories and Picard-Lefschetz theory. Zurich Lectures
in Advanced Mathematics. European Mathematical Society (EMS), Zu¨rich,
2008.
[30] R. Vianna. On exotic Lagrangian tori in CP2. Geom. Topol., 18(4):2419–
2476, 2014.
[31] J.-Y. Welschinger. Invariants of real symplectic 4-manifolds and lower
bounds in real enumerative geometry. Invent. Math., 162(1):195–234, 2005.
[32] K. Zehmisch. The annulus property of simple holomorphic discs. J. Sym-
plectic Geom., 11(1):135–161, 2013.
School of Mathematics, Korea Institute for Advanced Study, 85 Hoegiro, Dongdaemun-
gu, Seoul 02455, Republic of Korea
E-mail address: joontae@kias.re.kr
16
